We use a lower bound on the number of small sets in an idea1 to show that for each unionclosed family of n sets there exists an element which belongs to at least of them, provided n is large enough.
Introduction
A finite family 9 of sets is union-closed if for every A,B E 9 we have also A U B E 9. In this note we present some results concerning the following celebrated conjecture, stated by Frank1 in 1979 [9, 14] .
Union-closed sets conjecture. For any finite union-closed family 9 of sets, in which at least one set is non-empty, there exists an element x E U.F which belongs to at least half of the sets of 9;.
Despite its elementary statement, Frankl's conjecture is considered to be one of the most challenging problems in extremal set theory; there are few results in this direction (some of them are described shortly in the following section) but we still seem to be far from solving the problem. Knill observed in [2] that, if 9 is a finite union-closed family of finite sets and Y is a minimal subset of U 9 such that each non-empty set from y has non-empty intersection with Y, then {A n Y 1 A E S\(8)} = 2'\{ 8).
P. W6jcik I Discrete Mathematics I99 (1999) [173] [174] [175] [176] [177] [178] [179] [180] [181] [182] This implies that ]Y 1 < log,(Jg\{0}I + l), and so there exists an element in Y which belongs to at least (19 ( -1 )/ log, I 81 sets of F. In this note we show that for large 12 this estimate can be slightly strengthened, by a factor of I/ log,(t) z 2.40942.
The structure of the paper is the following. In the first part of the note we state three equivalent versions of the union-closed sets conjecture (Theorem 2.1), one of which will be used for the main proof in the end. Then, in the next section, we prove a certain extremal set result about ideals (Theorem 3.1). Finally, we prove the strengthening of Knill's result mentioned above (Theorem 4.1).
Union-closed sets conjecture and normalized families of sets
In order to state our results we need to introduce some notation and a few definitions. Let N = { 1,2,...} and let [N]'" be the family of all finite subsets of N. Throughout this note, all sets and families of sets, except for N and [N]'", are finite. Let F = U 9. For a family 9, a set X C F, an element x E F and an integer number k we define We say that a set A separates elements x and y if x E A and y #A, or x $A and y EA. A family 9 of sets is normalized if 0 E 9, IFI = IB] -1 and for every two distinct elements x, y E F there is a set in g which separates x and y. A set G of a union-closed family 9' is a generator of F if G is not a union of two sets of 9 different from G. The family of all generators of P is denoted by J(F). Finally, we say that a family 4 of sets is an ideal if for any set A from 3, the family 4 contains also all subsets of A.
The following result gives, in the case when k = n/2, the equivalent versions of the union-closed sets conjecture. Theorem 2.1. Let n>2 and ka0. The following assertions are equivalent:
(i) For every union-closed family 9 with IFI= n there exists an element x E F such that IFS1 I > k. (ii) For every union-closed family 9 with (9(= n and 0 E P there exists a generator G of 9' such that IPpal3k. (iii) For every normalized union-closed family .9 with 1.91 =n there exists a generator G of 9 such that Ideal 2 k. The analogous equivalent formulations of Frankl's conjecture are given by Salzbom [ 1 l] who considered intersection-closed families of sets. However, for the completeness of the note, we present the proof of Theorem 2.1 below. Other equivalent versions of the union-closed sets conjecture were obtained by Poonen in [7] and by Zagaglia Salvi in [16] . The assertion (ii) of Theorem 2.1 corresponds to a statement on lattices which is known to be equivalent to Frankl's conjecture (see [2, 7, 14] ). Knill proved in [2] that the assertion (ii) holds for every n and k = n/2 if 9 is a union-closed family generated by sets of size at most two. Poonen showed in [7] that assertion (i) of Theorem 2.1 holds for n 628 and k = n/2. Slightly better result was obtained by Lo Faro [4] who proved that the assertion (i) holds for n < 36 and k = n/2. Roberts [lo] has independently proved that (i) holds for n d 40 and k = n/2. The last two authors showed also that (i) holds if IFI 68 and k = n/2.
In the proof of Theorem 2.1 we shall use several facts on union-closed families. For a family 9 of sets we define 9*= {%lBC UY}.
Lemma 2.2. Let 9 be a union-closed family with 0 E F and let 9 be a subfamily of 9 such that every set in 9 is a union of sets from 3. Then (i) ?I* is union-closed, (ii) 0EY*, (iii) lJ%* = g\(0), (iv) 4e* = {9$x 1 X E p}, (VI p* I = /q, (vi) for every X, Y E U%*, X # Y, there exists a set in 3* which separates X and Y. Thus (iv) holds. Assertion (v) follows from (iv) and the fact that for every X, Y E 9, ifX#Y, then $9g~#Y,r. Let X, Y E US* = S\(B), X # Y. Assume that X $ Y (the case Y $X is symmetric). Then X E 9~ r and Y @ 9, r. Hence %g r separates X and Y. Since 9 C 9, by (iv), 9,~ E 9'*. Therefore (vi) holds. For each B C lJ9, 99~ = UIEB 93x. This implies (vii). 0 P. WbjciklDiscrete Mathematics 199 (1999) 173-182 Lemma 2.3. Zf 9 is a union-closed family of sets with 0 E 9, then P* is a normalized union-closed family and /F* I= 191.
Proof. The result follows from Lemma 2.2 for $3 = .Y (we have 0 E 9* and IUF* I= [3+1=[9-*)-1). 0
It can be easily verified that a normalized union-closed family of sets has a particularly 'regular' structure. For the proof of Theorem 2.1 we shall use only the following simple property of such a family. Lemma 2.4. Zf 9 is a normalized union-closed family of sets, then for every X E 9, Proof. For x E F, let TF(x) = lJ9+.
Let X E 9 and x E F. Then, clearly, (i) x EX if and only if TV @X. We shall show that (ii) Tp is a bijection from F to F\(F), (iii) Tr(X) = 9"gx.
To check (ii), let y,z E F and y # z. Since 9 is normalized, there exists a set A E B which separates y and z. We may assume that y E A and z #A. Then, by (i), T~iz(y) 2 A and T,-(z) >A, so &(y) # TF(z). Hence, Tp is an injection. This implies that IT,(F)1 = (FI, and since 9 is normalized, IT,F(F)I = I9\{F}I. Proof of Theorem 2.1. Let us fix n and k. Clearly, assertion (ii) implies (iii). The equivalence of (iii) and (iv) follows immediately from Lemma 2.4. Thus, it is enough to prove that, say, (ii) follows from (i) and (iv) implies (i).
(i) + (ii): Suppose that (i) holds. Let F be a union-closed family such that )F'( = n and 0 E P-. Set 59 =J(F).
By Lemma 2.2 (i) and (v), 9* satisfies assumptions of (i).
From (i), there exists GE lJ3* such that 1(9*)3~( >k. Clearly, by Lemma 2.2 (iii), (iv)=+(i): Suppose now that (iv) holds. Let 9 be a union-closed family with 191= n. We may assume that 8 E 9 (otherwise it is enough to show that (i) holds for the family obtained from .F by replacing some generator by the empty set). By Lemma 2.3, 9* satisfies assumptions of (iv). From (iv) and Lemma 2.2 (vii) it follows that there exists x E U.9 such that rFs.Y EJ(F*) and I.9s\-1 3 k. Thus (i) holds and the proof of Theorem 2.1 is complete. 0
Remark. If 9 is a union-closed family and 8 E 9, we can define a union-preserving bijection of F onto a normalized union-closed family by mapping each X E 9 to P~,~. This can be used to prove the implication (iii) + (ii) more directly.
We conclude this section with a result that lets us associate an ideal to a union-closed family of sets.
Lemma 2.5. For every union-closed family P with @E 9 there exists an ideal .f C 2J' F)\{u) such that the map sending 3 E 4 to US is a bijection from .f to .T. Note that 4 is a bijection from 9 to .Y. Moreover, for each 99 E 3, $-l(Y)= U%'. Thus, the map sending 9 to U% is a bijection from .f to 9.
We shall show that Y is an ideal. Let &E 9 and 8 C .d. Suppose to the contrary that A' $9. Since 98 C J' and F is union-closed, U98 E 9. Let .# = $(Ua). Then 99' is the subfamily of J' with the minimal weight such that UAJ'= U%'. Hence, u(@) <w(g) because 9' E Y, 99 @Y and w is an injection. Let d' = (d\B) u 93'.
Since U&Y = Ua and 9#G d, we have lJ&'= UCti. Thus, by the assumption that .vZE-P, w(&")>w(&').
But from (2.6) which leads to a contradiction, so 9 is an ideal. C Remark. Note that each subfamily 9 of generators which belongs to the ideal .9 satisfying Lemma 2.5 forms a minimal cover of the set UY, i.e. for every G E 9, U(g\{G}) # U%. This observation follows from the injectivity of the map sending 9 to UC!? and from the fact that C!?\(G) E Y (since 9 is an ideal). 
Colexicographic order and small sets in ideals
In this section we present a precise lower estimate for the number of sets of size bounded from above in an ideal of a given size. We show that this estimate is achieved by the ideal which consists of the first finite subsets of natural numbers in the colexicographic order. Define a bijection clx : [ Our aim is to prove the following theorem. Note that for every i 20, the number of ones in the binary expansion of i is equal to the size of the set A E [IV]<-such that clx(A) =i. It follows that p(n, k) is the number of non-negative integers less than n which have at most k ones in the binary expansion. We use this fact to show some properties of p(n, k) we shall employ later in the proof of Theorem 3.1. Then p(n, k) = xyii h( j, k). Observe that for every j 20 and k, h(2j, k) = h(j, k) and h(2j + 1, k) = h( j, k -1). Hence,
and so (i) follows.
We now prove (ii) by induction on m. If m < 1, then (ii) is a particular case of (i). Assume thus that m 2 2. Let n = 2p + ~1 and m = 2q + 1'2, where p, q are integers and rl,rl E {O,l}. Since m>2 and n<m, we have q>l, p<q<m and pfrl dq+rz<m. Using (i) and the induction hypothesis, we get
We need to show that the above sum is not smaller than ,n(n + m, k). This fact follows easily from (i) whenever rl + t-2 < 1. Thus, it is enough to verify it when rl + r2 = 2. For any j 20 and k, if j has at most k -1 ones in its binary expansion, then j + 1 has at most k ones. Hence h( j, k -1) < h( j + 1, k). Consequently, by (i), if rI + r? = 2, then where c(a) is a constant depending only on a.
Proof. Let I= [log, nJ and k = [a log, nJ. Using Lemma 3.3 and Stirling's formula, we obtain, for sufficiently large n,
where Cl and c(a) are absolute constants. 0
Large generators in normalized union-closed families
For n 2 1, let u(n) be the maximal number such that for each union-closed family P with n sets there exists an element x E US such that /93XI > u(n). Thus, the unionclosed sets conjecture says that u(n)>n/2, while Knill's observation mentioned in the Introduction implies that u(n)>(n -I)/ log, n. We improve this estimate by a constant factor. Theorem 4.1. For large n, u(n) > 1+0(l) n , 2.40942n log,( t ) log2 n log, n .
Proof. We shall use the equivalence of assertions (i) and (iv) of Theorem 2.1. Let 9 be a normalized union-closed family with 191 = n. Let A4 be the size of the largest generator of 9 and m = max{M, [n/log, n]}. We shall show that if n is sufficiently large, then m >( 1 + o( l))n/(log,( !) log, n). By the definition of normalized family, IUF/=n-1. S ince U9 is a union of generators, there exists a set X E 9 such that n-2mQYI <n-m.
Consider the family Fs X. By Lemma 2.4, IFzxl = (Fl-IX I 2m. Combining the last inequality with (4.2) we get, for sufficiently large n, [173] [174] [175] [176] [177] [178] [179] [180] [181] [182] By definition, m 2 n/ log, n. Thus, for large n, n/m < log, n f ( 1 -log, 3) log, m + o(log, n) d log, n + ( 1 -log, 3 ) log,(nl log, n) + cCx, n) = (2 -log, 3) log, n + o(log, n) = (1 + o(l))log2(W)log2n, which completes the proof of Theorem 4.1. 0
